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we satisfy the second partial differential equation and “reduce” the first to the

transonic full-potential equation
(ag - ¢i)¢mm - 2¢m¢y¢zg + (5"2 - ¢§)¢yy = 0.

Although this is a complicated nonlinear second-order differential equation, it can
still be classified as hyperbolic, parabolic, or elliptic. However, with nonlinear
equations, the type may depend on the unknown solution. Determine the type of
the transonic full-potential equation. Express your answer in terms of the Mach

number
w42 ¢r+ g

2.
M* = 2 2

a a

4. Show that the £2 norm of the solution of Burgers’ equation
U + ULy = Olgy, 0 < = 1, t >0,

where ¢ is a positive constant, is a decreasing function of time when the initial and

boundary conditions are
uw(@,0)=¢(z), 0<z<1,

all 1] =uil,d =0, tis 0.

1.3 'Hyperbolic Conservation Laws: Characteristics,
Shock Waves, and Rankine-Hugoniot Conditions

A conservation laws states that the total amount of some quantity remains unchanged
during the evolution of the solution according to the partial differential equation. In phys-
ical processes without dissipation, these quantities might be the total mass, momentum,
and energy. In this introductory chapter, let us confine our attention to conservation

laws in one space dimension which typically have the form

B
% / udzr = —f(u)|? = —f(u(B, 1)) + f(u(a, t)), (1.3.1)
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where
1y (z, 1) fi(u)
uzg = | 28 | gy | B ] (1.3.2)
uwa("Ea t) fm(u)

are density and flux vectors, respectively. Equation (1.3.1) expresses the fact that the
rate of change of u within the “volume” a < z < # is equal to the change in its flux
through the boundaries z = «, .

If f and u are smooth functions, then (1.3.1) can be written as

B
/ [u, + f(u);]dz = 0. 7

Since this result should hold foraltpossible “control volumes” («, /), the integrand must

U + f(u), = 0.

Ezample 1.8.1, The Euler equations for one-dimensional compressible inviscid flows

vanish, 7.e.,

(1.3.3)

may be obtained by setting all y derivatives and n to zero in equations (1.1.4) to obtain

Ao o
oy +mg =0, (1.3.4a)
m?
m, @— +p). =0, (1.3.4b)
i)
‘2
J e + [(e +p)%]m — 0. (1.3.4c)

The pressure is determined by an equation of state which we take in the rather general

form p = p(p, m, e). Recall that equations (1.3.4a), (1.3.4b), and (1.3.4c¢) express the facts

that the mass, momentum, and energy of the fluid are neither created nor destroyed and

are, hence, conserved. We readily see that the system (1.3.4) has the form of (1.3.3) with
p m

u= | m | ; flu)=| m*/p+p |. (1.3.5)
e (e +p)m/p
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Ezample 1.3.2. The deflection of a taut string has the form
Upt = Cligg, (1.3.6)

where ¢ = T'/p with T being the tension and p being the linear density of the string (cf.
(1.1.2)).
Equation (1.3.6) can be written as a first-order system in a variety of ways. Perhaps

the most common approach is to let
Uy = Uz, Uy = Clig. (1.3.7)
Differentiating with respect to ¢ while using (1.3.6) and (1.3.7) yields
(w1) = wn = iy = c(tn)e, (ug)i = cugr = gy = c(u1)q-
Thus, the one-dimensional wave equation has the form of (1.3.3) with

el w=[22]

For the remainder of this introductory section, we’ll confine our attention to the scalar

conservation law

(1.3.8)
and return to vector systems of conservation laws in Chapter 6. To begin, let
df (u)
= —, 1.3.9
o) = (1.3.9a)
and write (1.3.8) in the convective form
ur + a(u)uy = 0. (1.3.9b)

Regard u(z, t) as a function of two variables and compute its total (directional) deriva-

tive

du = wdt + uzdz = (uz + z—?ux)dt. (1.3.10)
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Let us evaluate (1.3.10) in the direction given by

dx
— = a(u). (1.3.11)

Then, using (1.3.9b) we see that
du = (u, + aug)dt = 0.

Thus, u(z,t) is constant along the curve dz/dt = a. This curve is called a characteristic
of the differential equation (1.3.8). Characteristics can be used to construct solutions of
initial or initial boundary value problems. Let us begin with an initial value problem for

(1.3.8) on —oo < & < o0, t > 0, with the initial condition
e ——

{ u(z,0) = ¢(x), —00 < I < 00. (1.3.12)

Since u is constant along the characteristic curves, it must have the same value that it
had initially. Thus, u = ¢(x¢) = ¢ along the characteristic that passes through (zg,0).

This characteristic satisfies the ordinary initial value problem

d
d_‘; =a(¢)) =ag, >0, z(0) =z (1.3.13)

Integrating, we see that the characteristic is the straight line

T = Ip + agt. (1314)

This procedure can be repeated to trace other characteristics and thereby construct

the solution. The solution of (1.3.8) is implicitly given by the formula

j u(z,t) = ¢z — a(qbo)m (1.3.15)

however, this formula is rather obscure. Let us clarify the situation with some examples.

Ezample 1.3.3. The simplest case occurs when a is a constant and f(u) = au. All of
the characteristics are parallel straight lines with slope 1/a. The solution of the initial
value problem (1.3.8, 1.3.12) is u(z,t) = ¢(z — at) and is, as shown in Figure 1.3.1, a

wave that maintains its shape and travels with speed a.
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J uxt)

u(x,0) = ¢(x) u(x,t) = ¢(x-at)

Figure 1.3.1: Characteristic curves and solution of the initial value problem (1.3.8, 1.3.12)

when « is a constant.
Al

Figure 1.3.2: Characteristic curves for two initial points xy and z; for Burgers’ equation.
The characteristics intersect at a point P.
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Burgers’ equation

Again, consider an initial value problem having the initial condition (1.3.12), so the

characteristic is given by (1.3.14) with ag = (2o, 0) = ¢(z0), t.e., T fﬁfj (ase

aw)=U

Ly w, - Fx- fesrt)

The characteristics are straight lines, but they are not parallel as they were in Example
1.3.3. Their slope depends on the value of the initial data; thus, the characteristic
passing through the point (zq,0) has slope 1/@(z). The fact that the characteristics
are not parallel introduces a difficulty that was not present in the linear problem of
Example 1.3.3. Consider characteristics passing through (zg,0) and (z;,0) and suppose
that ¢(zg) > ¢(zq1) for x; > 2. Since the slope of the characteristic passing through
(x0,0) is less than the slope of the one passing through (z,,0), the two characteristics
will intersect at a point, say, P as shown in Figure 1.3.2. The solution would appear to
be multivalued at points such as P

In order to help clarify matters, let’s examine the specific choice of ¢ given by Lax [4]

1, ifz<0
plz) =4 1l—z ifO0<z<] . ; (1.3.18)
0, ifl <z

Using (1.3.17), we see that the characteristic passing through the point (0, 0) satisfies

Ty +1t, if Ty < 0
z=4 Zo+(l-z)t, f0< <] . (1.3.19)
Ty, if 1< T,

Several characteristics are shown in Figure 1.3.3. The characteristics first intersect at
t = 1. After that, the solution would presumably be multivalued, as shown in Figure
1.3.4.

It’s, of course, quite possible for multivalued solutions to exist; however, (7) thw

not observed in physical situations and (i) they do not satisfy (1.3.8) in any classical

sense. Discontinuous solutions are often observed in nature once characteristics of the
s

S
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corresponding conservation law model have intersected. They also do not satisfy (1.3.8),

but they might satisfy the integral form of the conservation law (1.3.1). We examine

the simplest case when two classical solutions satisfying (1.3.8) are separated by a single

smooth curve z = £(¢) across which u(z,?) is discontinuous. For each ¢ > 0 we assume

=

that o < £(t) < § and let superscripts - and + denote conditions immediately to the left
S e S

and right, respectively, of z = £(¢). Then, using (1.3.1), we have

d [ d e (6 8 —
A ud:t:—&[/a udm-l—/ﬁ(zﬁw]:f(u)g = ’f(u(ﬁ}£)>

or, differentiating the integrals
o B 7 ‘F (U(l, t))-
&
f wde +wE + f wdz — wtEr = —f(u)|2.
o 3

+

The solution on either side of the discontinuity was assumed to be smooth, so (1.3.8)

holds in (a, &) and (¢, 3) and can be used to replace the integrals. Additionally, since

¢ is smooth, £~ = £+ = £. Thus, we have 7[(3(5’—)) = f(u‘)

(W'+u§ T - uté= -,
1) (ut)
or - f(’u(g)é))_,. §(u(m1)+u ; J((\gq;\;) j[(u (f ) 7[
f /[a(g,w) Z{’“g = -f}ﬁq@

7 Bt )= ) — 1.5.20)
Jﬁéﬁéb

Let
ld=q¢"-q¢ (1.3.21)

denote the jump in a quantity ¢ and write (1.3.20) as

\ e = [F(a). | (1.3.22)

Equation (1.3.22) is called the Rankine-Hugoniot jump condition and the discontinuity is -

called a shock wave. We can use the Rankine-Hugoniot condition to find a discontinuous

solution of Example'1.3.4.
Ezample 1.3.5. For t < 1, the discontinuous solution of (1.3.16, 1.3.18) is as given in

Example 1.3.4. For ¢t > 1, we hypothesize the existence of a single shock wave, passing
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/ x,—

Figure 1.3.3: Characteristics for Burgers’ equation (1.3.16) with initial data given by
(1.3.18).

1(x,0) u(x,1/2)
f f f } f f - 1 f ; f 1 f -
0 I 2 X 0 I 2 v

b ou(x 1} b ou(x,3/2)
| f f f t - f I . 1 1 f -
0 1 2 x 0 ! 2 *

Figure 1.3.4: Multivalued solution of Burgers’ equation (1.3.16) with initial data given
by (1.3.18). The solution u(z,t) is shown as a function of z for t = 0, 1/2, 1, and 3/2.
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through (1,1) in the (z,t)-plane. As shown in Figure 1.3.5, the solution of Example
1.3.4 can be used to infer that u= = 1 and u* = 0. Thus, f(uv™) = (v7)%/2 = 1/2 and
f(ut) = (u*)?/2 = 0. Using (1.3.22), the velocity of the shock wave is

- U=

o 1
2 Ut o

E=

Integrating, we find the shock location as

1

Since the shock passes through (1, 1), the constant of integration ¢ = 1/2, and

£= %(Hl). (1.3.23)

The characteristics and shock wave are shown in Figure 1.3.5 and the solution u(z, t)
is shown as a function of z for several times in Figure 1.3.6.

Let us consider another problem for Burgers’ equation with different initial conditions
that will illustrate another structure that arises in the solution of nonlinear hyperbolic
systems.

Ezample 1.3.6. Consider Burgers’ equation (1.3.16) subject to the initial conditions

0 Hz<0
pz)=¢ z, f0<z<1 . (1.3.24)

1, 1<z S e d&o){zxp

Using (1.3.17) and (1.3.24), we see that the characteristic passing through (zg, 0) satisfies

g, if gz 0
z=14 zo(l+1¢), f0< <1 . (1.3.25)
T + 1, if 1<z,

These characteristics, shown in Figure 1.3.7, may be used to verify that the solution,
shown in Figure 1.3.8, is continuous. Additional considerations and difficulties with
nonlinear hyperbolic systems are discussed in Lax [4].

Thus far, we have only considered initial value problems for (1.3.8). Initial-boundary

problems are also possible; however, boundary conditions cannot be prescribed arbitrarily
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E =(t+1)/2
At
] —
0 Ji X
Figure 1.3.5: Characteristics and shock discontinuity for Example 1.3.5.
u(x,0) u(x,1/2)
: ——t—t— = ———
0 1 2 x 0 1 2 x
u(x,f) u(x,3/2)
f | ————— - —t
0 ! 2 x 0 1 2 X

Figure 1.3.6: Solution u(z,t) of Example 1.3.5 as a function of z at t = 0, 1/2, 1, and
3/2. The solution is discontinuous for ¢ > 1.
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f
0 I

=

Figure 1.3.7: Characteristics for Example 1.3.6.

u(x,0) w(x,1/2)
1T 1T
f f f f f f f } 1 f f f -
0 I 2 X 0 1 2 X
bou(x,l) u(x,3/2)
1T 1
f 1 1 f 1 i - f } f f f f -
0 I 2 x 0 i 2 X

Figure 1.3.8: Solution u(z,t) of Example 1.3.6 as a function
3/2.

of g at £ =0, 1/2, 1, and
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(X,f) xX=at

(x.t)

t-x/a

0 X -at ] x

Figure 1.3.9: Characteristics for the linear initial-boundary value problem (1.3.26a).

and are determined by the characteristic directions (1.3.11). Let us begin with the linear

problem

u + aug = 0, 0<z<l, t >0, (1.3.26a)

gl 0) = olE), Oxzgz . (1.3.26b)

Suppose that a > 0. As shown in Figure 1.3.9, the solution at a point (x1,#;) where
x1 > aty is determined by the initial condition at (z; — at1,0). On the other hand, the
solution at a point (zs,12) where 3 < aty is not determined by the initial condition
and requires a boundary value to be prescribed at (0,2 — z2/a). Therefore, the proper

boundary condition to apply is
u(0,t) = (1), i B0 (1.3.26¢)

The solution of the initial-boundary value problem (1.3.26a) is given by

Yt —xz/a), f0<z<at

u(z,t) = { dlz —at), fat<z<l1 (LE:2T)

There are no boundary conditions at x = 1. However, if a < 0, the situation would be
reversed and boundary conditions would be needed at x = 1 and not at z = 0.
Determining the proper boundary conditions for nonlinear problems can be quite

complicated. For example, consider solving (1.3.9b) on 0 < z < 1, ¢ > 0 with a(u(0,t)) >
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0 and a(u(1,t)) < 0. As shown on the left of Figure 1.3.10, such a problem would need
boundary conditions at both z = 0 and = 1. On the other hand, a problem with

a(u(0,t)) < 0 and a(u(1,t)) > 0 (Figure 1.3.10, right) would not require any boundary

conditions.

ra [

0 X 0 /i

Figure 1.3.10: Characteristics for a nonlinear initial-boundary value problem with
a(u(0,%)) > 0 and a(u(1,t)) < 0 (left) and with a(u(0,t)) < 0 and a(u(1,t¢)) > 0 (right).

Problems

Riemann problem is a Cauchy (initial value) problem with piecewise constant

initial data. Consider the Riemann problem for the inviscid Burgers’ equation

1
Uy + E(TLZ)I =0

w(z, 0) = ur, ifxz<0
U ug, fz >0
where uz and ug are constants. Solve this problem in the two cases when ug > up

and when uy < up. Sketch several characteristic curves and sketch the solution as

a function of z at a few times. As a hint, you may want to first solve a problem

with continuous initial data, e.g.,

g, if @ < —¢
W 0)= 8 Sle—a)+Ble+a); i —e<TLE
UR, ite<z

and take the limit as ¢ — 0. You may also consult Lax [4].
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2. Use the method of characteristics to construct a solution of the inhomogeneous

initial value problem
us + aug = b(x), —00 < T < 00, t >0,
u(z,0) = ¢(x); —00 < T < 00,
where @ is a constant and b(z) is smooth.

3. A scalar conservation law having cylindrical symmetry has the form

d [P
d_f/u urdr = —f(u)T|g,

where 7 is a radial coordinate. If solutions are smooth this may be written as the

first-order hyperbolic partial differential equation
1
ug + -T:[f(u)'r}r =(.

Solve an initial-boundary value problem for this equation on r > 0, t > 0 when

Jf(u) = au with a a positive constant. Assume the initial conditions prescribe
u(r,0) =¢(r), r>0,

where ¢(r) is smooth. What boundary conditions, if any, must be prescribed?

==

(Jonsider a linear vector systems of m conservation laws of the form
u + Au, =0

where A is a constant m x m matrix. Let P be the m x m matrix that reduces A
to the canonical form
PlAP = A.
If A has m distinct real eigenvalues then A is the diagonal matrix
A
A= ’\2
Am
and the partial differential system is called hyperbolic. (Additionally, if A has

m complex eigenvalues the system is called elliptic. These extend the notions of

hyperbolicity and ellipticity that were introduced in Section 1.2.
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4.1. Assume that the given partial differential system is hyperbolic and introduce
the transformation

u=Pv.

Show that v satisfies
v, + Av, = 0.

Thus, the transformation has uncoupled the system (except possibly for the

initial and/or boundary conditions). It now has the scalar form
(vi)e + Ai(vi)e = 0, i=1,2,-,m.

This system may be analyzed using characteristics in the same manner as for

he scalar case.

4.2. (Zonsider the wave equation written as a first-order system of two equations

=% 7]

Find P, A, and the diagonal system satisfied by v. Determine the character-

with

istics and, hence, v. Knowing v, determine u(z,t) such that it satisfies the

initial data

=[50 ]



